Abstract. We consider the dynamical properties of transcendental entire functions and their compositions. We give several conditions under which Fatou set of a transcendental entire function f coincide with that of f • g, where g is another transcendental entire function. We also prove some result giving relationship between singular values of transcendental entire functions and their compositions.
Introduction
Let f be a transcendental entire function. For n ∈ N let f n denote the n-th iterate of f. The set F (f ) = {z ∈ C : {f n } n∈N is normal in some neighborhood of z} is called the Fatou set of f or the set of normality of f and its complement J(f ) is the Julia set of f . The Fatou set is open and completely invariant: z ∈ F (f ) if and only if f (z) ∈ F (f ) and consequently J(f ) is completely invariant. The Julia set of a transcendental entire function is non empty, closed perfect set and unbounded. All these results and more can be found in Bergweiler [6] . If U is a component of Fatou set F (f ), then f (U) lies in some component V of F (f ) and V \ f (U) is a set which contains atmost one point, [8] . This result was also proved in [14] independently. A component U of Fatou set of f is called a wandering domain if U k ∩U l = ∅ for k = l, where U k denotes the component of F (f ) containing f k (U), otherwise U is called a preperiodic component of F (f ), f k (U l ) = U l for some k, l ≥ 0. If f k (U) = U, for some k ∈ N, then U is called a periodic component of F (f ). Sullivan [22] proved that the Fatou set of any rational function has no wandering domain. It was Baker [1] who gave the first example of an entire function having wandering domain. Thereafter several other examples of wandering domains have been given by various authors, see [18] . Certain classes of transcendental functions which do not have wandering domains are also known, see [2, 3, 6, 7, 12, 13, 21] .
Two functions f and g are called permutable if
Fatou [5] , proved that if f and g are two rational functions which are permutable, then F (f ) = F (g). This was the most famous result that motivated the dynamics of composition of complex functions. Similar results for transcendental entire functions is still not known, though it holds in some very special cases, [2, Lemma 4.5] . If f and g are transcendental entire functions, then so is f • g and g • f and the dynamics of one composite entire function helps in the study of the dynamics of the other and vice-versa. If f and g are transcendental entire functions, the dynamics of f • g and g • f are very similar. In [9, 17] , it was shown f • g has wandering domains if and only if g • f has wandering domains. In [16] the authors have constructed several examples where the dynamical behavior of f and g vary greatly from the dynamical behavior of f • g and g • f. Using approximation theory of entire functions, the authors have shown the existence of entire functions f and g having infinite number of domains satisfying various properties and relating it to their composition. They explored and enlarged all the maximum possible ways of the solution in comparison to the past result worked out.
Recall that w ∈ C is a critical value of a transcendental entire function f if there exist some w 0 ∈ C with f (w 0 ) = w and f ′ (w 0 ) = 0. Here w 0 is called a critical point of f. The image of a critical point of f is critical value of f. Also recall that ζ ∈ C is an asymptotic value of a transcendental entire function f if there exist a curve Γ tending to infinity such that f (z) → ζ as z → ∞ along Γ. The set of all critical points, critical values and asymptotic values of f will be denoted by CP (f ), CV (f ) and AV (f ) respectively. Recall the Eremenko-Lyubich class
(where Singf −1 is the set of critical values and asymptotic values of f and their finite limit points). Each f ∈ B is said to be of bounded type. A transcendental entire function f is of finite type if Singf −1 is a finite set. Furthermore, if the transcendental entire functions f and g are of bounded type then so is f • g as Sing ((f
), [9] . Singularities of a transcendental map plays an important role in its dynamics. For any transcendental entire function Singf −1 = ∅, [15, p. 66] . It is well known, [12, 13] , if f is of finite type then it has no wandering domains. Recently Bishop [10] has constructed an example of a function of bounded type having a wandering domain. Let E(f ) = ∪ n≥0 f n (Singf −1 ) and E ′ (f ) be the derived set of E(f ), that is, the set of finite limit points of E(f ). It is well known [7] , if U ⊂ F (f ) is a wandering domain, then all limit functions of {f n | U } are constant and are contained in (
Furthermore, if C denotes the class of transcendental entire functions with J(f ) ∩ E ′ (f ) = ∅, and if f ∈ B ∩ C, then f does not have any wandering domains, [7, Corollary] .
Here we shall consider the relationship between Fatou sets and singular values of transcendental entire functions f, g and f • g. Some of the results are motivated by the work in [19, 20] . We shall give various conditions under which Fatou sets of f and f •g coincide. We have also considered relation between the singular values of f, g and their compositions. Moreover, the relation between singular values of f and g in terms of conjugating map φ : C → C has also been investigated. Recall two entire functions f and g are conjugate if there exist a conformal map φ : C → C with φ • f = g • φ. By a conformal map φ : C → C we mean an analytic and univalent map of the complex plane C.
Theorems and their proofs
Theorem 2.1. Let f and g be two permutable transcendental entire functions. Then
Proof.
(i) Bergweiler and Wang [9] , showed that z
) is completely invariant under f and by symmetry, under g respectively.
(ii) As F (f • g) is completely invariant under f and g, and so it is forward invariant under them. So
We now provide conditions under which F (f ) equals F (f • g).
Theorem 2.2. Let f and g be permutable transcendental entire functions. Then the following holds:
(i) If ∞ is not a limit function of any subsequence of {f n } in a component of F (f ), then F (f ) = F (f • g); (ii) If f is of bounded type, then F (f ) = F (f • g); (iii) If g = af + b, a, b constants, a = 0, then F (f ) = F (f • g); (iv) If f is periodic of period c and g = f + c, then F (f ) = F (f • g).
Proof.
(i) Using Baker's result [2, Lemma 4.3 (ii)], we have g(F (f )) ⊂ F (f ). Also F (f ) is forward invariant under f and hence F (f ) is forward invariant under f • g, which by Montel's Normality Criterion implies F (f ) ⊂ F (f • g). Using Theorem 2.1(ii), we get the desired result.
(ii) As f is of bounded type, g(F (f )) ⊂ F (f ), which implies F (f ) ⊂ F (g) by Montel's Normality Criterion. Thus F (f ) is forward invariant under f, g and hence under
and hence we have the desired result. (iii) In Baker [2] , it was shown that g(F (f )) ⊂ F (f ) and using 2.2(i), we obtain the desired result.
We now show if the composite entire function and its right factor have bounded set of asymptotic values, then so does the left factor. Proof. Suppose the asymptotic values of f are unbounded. Then there exist a sequence {z n } ⊂ AV (f ) such that for each n ∈ N, |z n | > n. Corresponding to each z n there exist a curve Γ n tending to ∞, with f (z) → z n as z → ∞ along Γ n . Let Γ ′ n be an analytic branch of g −1 (Γ n ). Then Γ ′ n must tend to ∞, for if Γ ′ n tends to some finite limit say z 0 , then z 0 must either be a pole or an essential singularity of g which contradicts to g being an entire function. Now as z → ∞ on Γ ′ n , (f • g)(z) → z n which contradicts the hypothesis that AV (f • g) is bounded and hence the result.
We now study relation between singular values of two conjugate entire functions: Theorem 2.4. Let f and g be transcendental entire functions which are conjugate under a conformal map φ :
Proof. [9] . As AV (φ) = ∅, we have AV (g) ⊂ φ(AV (f )). For the backward implication let w 0 ∈ AV (f ). Then there exist a curve Γ ′ tending to ∞ such that f (z) → w 0 on Γ ′ . As φ is continuous,
) and as AV (φ) = ∅, we have φ(AV (f )) ⊂ AV (g) and hence the result.
, that is, w ∈ CP (g) and hence φ(CP (f )) ⊂ CP (g). (iii) As shown above we have, φ(z 0 ) ∈ CP (g) and so
and since φ ′ (f (w 0 )) = 0, we have f ′ (w 0 ) = 0 which implies the result.
An immediate consequence of above theorem is Corollary 2.5. Let f, g and φ be as in the previous theorem. If AV (f ) is bounded, then so is AV (g). Theorem 2.6. Let f and g be transcendental entire functions. Then
(1) Let z 0 ∈ AV (g), then there exist a curve Γ tending to ∞ with g(z) → z 0 as z → ∞ on Γ and so
In the next result it is shown that if the critical points of composite entire function are bounded, then so is that of its right and left factors. 
and hence CP (f ) is bounded. Now suppose w ∈ CP (g) is not a Picard exceptional value for f. Then there exist infinitely many w n such that f (w n ) = w.
is an infinite bounded set and hence has a limit point by Bolzano Weierstrass Theorem, which contradicts the fact that zero set of an analytic function are isolated. Hence w is a Picard exceptional value for f and the result follows.
We next show if the critical points of composite entire function are bounded, then so is that of its right factor and moreover the left factor can have atmost one critical value. 
is also bounded and hence CV (g) is bounded. Now let w ∈ CV (f ) and suppose w is not a Picard exceptional value for g. Then there are infinitely many {w n } such that g(w n ) = w. We have
) is an infinite bounded set and hence has a limit point by Bolzano Weierstrass Theorem, which contradicts the fact that zero set of an analytic function are isolated. Hence w has to be a Picard exceptional value for g. Since Picard exceptional value for a transcendental entire function can be atmost one, f can have atmost one critical value. 
(i) Let w ∈ AV (f ). Then there exist a curve Γ tending to ∞ such that f (z) → w as z → ∞ on Γ. Let Γ ′ be an analytic branch of g −1 (Γ). Then Γ ′ must tend to ∞, for if Γ ′ tends to a finite limit z 0 say, then z 0 is either a pole or an essential singularity of g which is impossible. Thus as z → ∞ on this curve Γ ′ , f • g(z) → w, which implies w ∈ AV (f • g) and hence AV (f ) ⊂ AV (f • g).
(ii) Let w 0 ∈ CV (f ). Then w 0 = f (z 0 ), for some z 0 ∈ CP (f ). Now (g • f )
′ (z 0 ) = g ′ (f (z 0 ))f ′ (z 0 ) = 0, and so z 0 ∈ CP (g • f ) which implies g • f (z 0 ) ∈ CV (g • f ), that is, g(w 0 ) ∈ CV (g • f ) and hence the result.
An immediate consequence of Theorem 2.9(i) is Corollary 2.10. If AV (f • g) is bounded, then so is AV (f ).
